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ANALYTIC CYCLES IN FLIP PASSAGES AND IN INSTANTON 
MODULI SPACES OVER NON-KAHLERIAN SURFACES 

ANDREI TELEMAN 


Abstract. Let be a moduli space of stable (polystable) bundles 

with fixed determinant on a complex surface with 6i = 1, = 0, and let 

Z C Al®^ be a pure /c-dimensional analytic set. We prove a general formula 
for the homological boundary 6[Z]^^ E of the Borel-Moore 

fundamental class of Z in the boundary of the blow up moduli space AJp®^. 
The proof is based on the holomorphic model theorem of [Te5| . which identifies 
a neighborhood of a boundary component of with a neighborhood of the 

boundary of a “blow up flip passage”. 

We then focus on a particular instanton moduli space which intervenes in 
our program for proving the existence of curves on class VII surfaces. Using our 
result, combined with general properties of the Donaldson cohomology classes, 
we prove incidence relations between the Zariski closures (in the considered 
moduli space) of certain families of extensions. These incidence relations are 
crucial for understanding the geometry of the moduli space, and cannot be 
obtained using classical complex geometric deformation theory. 


1. Introduction 

Let {X,g) be a Gauduchon surface [Gauj . {E,h) a Hermitian rank-2 bundle 
over X, T) a holomorphic structure on the determinant line bundle det(iil) and a 
the Ghern connection of the pair (T>,det{h)). The moduli space AfP®* (Al®*) of 
polystable (stable) holomorphic structures £ on E with det(£') = V can be identi¬ 
fied with the instanton moduli space (respectively ) of (irreducible) 

projectively ASD unitary connections A on A with det(A) = a [DK], m, 

[EH, [ES], (ED. The stable part Ad®* C AIp®* is open and has a natural com¬ 
plex space structure, which, in general, does not extend across the reduction locus 
TZ := AdP®* \ Ad®* (the subspace of reducible instantons). 

The set of topological decompositions of E (as direct sum of line bundles) can 
be identified with the set 

'Dec{E) ■— L S H‘^{X, Z)| c(ci(i?) — c) = C 2 {E)} 

where ^ is the equivalence relation defined by the involution c i—> ci(i?) — c. We 
assume that ci{E) ^ 2id^(A,Z), which implies that this involution has no fixed 
points. Moreover, under this assumption, we showed [Te3] . [Te5] that, for a surface 
with 6i(A) = 1, pg(X) = 0 (in particular for a class VII surface |BHPV] . [Na] ). 72. 
decomposes as a disjoint union of circles 

(1) 72= U 

AEX)ec(E) 
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where C\ := {[f] S E has a direct summand C with ci(£) G A}. Choosing 

a representative c G A, and putting c) := ^degg(T>), C\ can be identified with the 
circle 

C'e:={[£]GPic^(X)| deg,(£) = c)} 

(see section 1^ . Blowing up at a circle C\ of regular reductions yields a 

proper map px ■ —>■ A^p®*, defined on a space which has a natural 

structure of a manifold with boundary around the exceptional locus Vx := {Cx) 
[Tefi] . This exceptional locus is a fiber bundle over Cx with a complex projective 
space as fiber. It’s important to point out that, in our framework, a moduli space 
At®* contains distinguished locally closed complex subspaces which correspond 
to families of stable extensions, and are described in Remark ll.II below. For [C] G 
Pic (A) define 

P[£] := {[£] G AT**I £ is an extension oiK.® by £} , 
and for a subset A C K, and a class c G H^{X, Z), put 

PiC{X)A := {[£] G Pic^(A)| degg(£) G A} . 

When A is a singleton (an open interval), Pic‘^(A)^ is a circle (an annulus). 

Remark 1.1. Suppose that &i(A) = 1, Pg{X) = 0, ci{E) ^ 2H^{X,Z), let A G 
'Dec{X) such that Cx is a circle of regular reductions, and choose c G A. Then 

1. There exists an open neighborhood lAx of Cx in AfP®* such that Ux H Ad®* is a 
smooth complex manifold of dimension Ac 2 {E) — cf{E), 

2. There exists e > 0 such that 

i) for any [£] G Pic'^(A)(ji_£ j,) the subspace P[£] is a complex submanifold of 
WaHAI®*. This submanifold can be identified with¥{H^{C®'^ (£)Ky)), where 

dim(Ri(£®2 0 /C^))) = r, := -i(2c - Ci(£;))(2c - Ci(£) + Ci(A)) . 

a) The union U[£]GPic'=(Js:)(t, „) disjoint, defines a smooth submanifold 

Vf o/WAHAf®*, and the natural map Vf —>■ Pic'’’(A)(j,_£ gj is a fiber bundle 
with fiber Pp°“*. 

The following remark highlights an advantage of the blow up moduli space: 

Remark 1.2. With the notations, suppose rc > 0. For sufficiently small e > 0 

1. The closure Vf ofVf in is a -bundle over Pic'’’(A) 

2. The closure Vf of Vf in AfP®* is obtained from Vf be collapsing to points the 
fibers over the circle Picljj.. 

Note that, in general, is very hard to describe the Zariski closure of Vf in Al®*, 
even when A is a known surface (for instance a Kato surface). Understanding the 
Zariski closures of these families, and the incidence relations between these closures 
is very important for understanding the geometry of the moduli space, and plays 
an important role in our program to prove existence of curves on class VII surfaces. 
This is why we are interested in the general properties of the analytic subsets of 
Al®*. The main result of this article concerns the following 

Problem 1. Let Z C Al®* be a pure fc-dimensional analytic set, and let [Z]^^ G 
iL^'^(Al®*, Z) its fundamental class in Borel-Moore homology. Determine the ho¬ 
mological boundary 5{[Z]^^) G H 2 k-i{Fx,'^) of [Z]^^. 
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Why is this problem relevant for understanding the geometry of an instanton 
moduli spaces and its families of extensions? In order to explain this, recall 

first |DK) that is naturally embedded in the infinite dimensional 

moduli space B* of irreducible unitary connections A oti E with det(A) = a. The 
space B* is endowed with tautological cohomology classes m, which will be called 
Donaldson classes. In general, a Donaldson class u G H*{B*, Q) cannot be extended 
across a circle of reductions, but it does extend to the exceptional locus Vx C 
associated with a circle Cx of regular reductions. This a second important 
advantage of the blow up moduli space. With this remark we have 

Proposition 14.1[ Suppose that bi{X) = I, Pg{X) = 0, Ci{E) ^ 2H'^{X,Z), AfP®* 
is compact, and all reductions in AIp®* are regular. For any Donaldson cohomology 
class V G E[^~^{B*,Q) and any ^ G iJ^^(AT’*,Q) we have 

(2) E = o, 

\eVec(E) 

where Sx^ denotes the homological boundary of ^ in Hk-iiVxiQ)- 

The point is that the restrictions u have been computed explicitly |Te21 Corol¬ 
lary 2.6]. Therefore, assuming that Problem 1 is solved, formula ([5]) yields a strong 
obstruction to the existence of an analytic set Z C AI®* with prescribed topological 
behavior around the circles of reductions Cx ■ Note that (in the relevant cases) the 
particular moduli space AfP®*, used in our program to prove the existence of curves 
on class VII surfaces, satisfies the assumptions of Proposition l4.ll [Te3) . 

The main result of this article gives a solution to Problem 1. The proof is based 
on the holomorphic model theorem [Te5j . which states that a neighborhood of the 
boundary Vc in AIp®* can be identified with a neighborhood of the boundary of a 
standard model, which we called a blow up flip passage, and whose construction we 
recall briefly below. 

Let B be a Riemann surface, p' : E' ^ B, p” : E" —?> B holomorphic Hermitian 
bundles of ranks r', r", and / : A —> R a smooth function which is a submersion 
at any vanishing point, and such that C := /“^(O) is a circle. The direct sum 
E •.= E' ® E" is endowed with the C*-action C • (y^2/")) = The zero 

locus Zim^) of the map : A —>• R defined by 

ml{y',y'') = - \\y”\f) + fib) , V(y',?/") G Et , 

is a smooth, S'^-invariant hypersurface. The induced S'^-action on Z{m^) is free 
away of C (embedded in E via the zero section). Put F' := E'\q, F” := E"\q. The 
normal bundle of C in Z{m^) can be identified (as an 5'^-bundle) with F' 0 F", 
hence the spherical blow up Zimf)^ of Z{m^) at C is a manifold with boundary, 
whose boundary can be identified with the sphere bundle S{F' © F") (see section 
o in this article, [TeSj b The blow up flip passage Qf associated with the data 
{p' : E' B',p" : E" B, f) is defined by 

Qf := . 

This quotient is a smooth manifold whose boundary dQ / can be identified with the 
projective bundle P(A' © F"). The interior Qf\ dQf can be identified with the 
quotient := Ej/C*, where Ej := C* • {Z{mf) \ C) is open in E. Therefore this 
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interior comes with a natural complex structure. Note also that Qf comes with a 
map q : Qf ^ B, whose restriction to is a holomorphic submersion. Choosing 
points b± G B± := (±/)“^(0,oo) (and supposing r' > 0, r" > 0), the fibers 
are smooth complex manifolds related by a flip. This explains the choice 
of the terminology ’’flip passage”. More precisely, put P' := P” ~ ^{E") 

and let [P±) be the restriction of P' {P") to B±. The projective bundles P'_, P” 
are naturally embedded in Q/- With these notations we see that the fiber q“^(6+) 
is obtained from the fiber q~^(&_) by “replacing” Pl_ with P”^. We can state now 

Problem 2. Let Z C Qf be a pure /c-dimensional analytic set, and [Z]^^ G 
iL^^((5pZ) its fundamental class in Borel-Moore homology. Determine the ho¬ 
mological boundary S{[Z]^^) G © F''),Z) of [Z]^^. 

The two problems Problem 1, Problem 2, are related by the the holomorphic 
model theorem proved in |Te5] , which we explain briefly below (see section 12.21 for 
details). Coming back to our gauge theoretical framework, let A G 'Dec{E) with 
a circle of regular reductions Cx, and fix c G A. The holomorphic model theorem 
gives a system (p(, : i?' —>• Bc,p" ■ E” —>• Bc,fc) as above, a diffeomorphism ikc 
between a neighborhood Oc of dQf^ in and a neighborhood Ox of Vx in 
where Q/e is the blow up flip passage associated with (p(, : E'^ —>• Bc,p" ■ E” —>• 
Bc,fc)- Moreover, 4'c induces a diffeomorphism dQf^ = IP(T)( © F”)^^ Vx, a 
biholomorphism Oc \ dQf^ Ox \ Vx, and maps the projective bundles P'c^-, 
Pc[+ C Q% onto the extension spaces V^, ^ ^st respectively. 

We explain now our answer to Problem 2, which concerns an arbitrary blow up 
flip passage Qf (see section Let 0', 0" be the tautological line bundles of 
the projective bundles P' := P(i?')i P” ■= ^{E"), and denote by Q the total space 
of the line bundle Pi(0O ©P 2 (®") over the hber product P' Xb P”■ We identify 
this hber product with the zero section of Q. One has a natural biholomorphism 

ji: g \ {p' XB p") ^ Q} \ {PL u p;')- 

Theorem 13.91 With the notations above, suppose r' > 0, r" > 0, and let Z C Qf 
be an analytic subset of pure dimension k > 1 such that dim(Z n {P!_ U P")) < k. 
Then 

(1) The closure Z of (Z \ {P'_ UP")) in Q is a pure k-dimensional analytic 
subset of Q with dim(Z fl (P' x b P")) < k, 

(2) Choosing a point x € C, the equality 

5[Zf^ = [C] © • (P' X P”)) 

holds in Pi(C',Z)©P 2 fe- 2 (P(P,(©P"), 2 ) =H 2 k-i{V{F'®F”),Z). 

In this theorem : H 2 s(P{E{,) x P(P"),Z) —>• iL 2 s+ 2 (P(Pi © E"),Ij) denotes 
the join morphism dehned in section [32] (see formula (I17L Remark 13.71) . 

Our explicit applications concern the moduli space considered in our program 
for proving the existence of curves on class VII surfaces [Te3) . Let {X,g) be a 
class VII surface endowed with a Gauduchon metric, K. the canonical line bundle 
of X, K its underlying differentiable line bundle, {E, h) a Hermitian rank 2-bundle 
on X with C 2 {E) = 0 and det(P) = K, and Af®*, AfP®* the two moduli spaces 
associated with the data {X,g,E,h,X). AfP®* is always compact [Te31 Theorem 
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1.11]. Moreover, assuming that degg(/C) < 0, X is minimal and is not an Enoki 
surface, it follows that is a smooth manifold of dimension b 2 {X), and all the 
reductions in are regular [Te31 Theorem 1.3]. We suppose for simplicity that 
Hi{X,X) = Z, which implies that H‘^{X,'Z) is torsion free. Let {ei)i<ci<b 2 (x) be a 
Donaldson basis of iL^(X, Z), i.e. a basis which satisfies the conditions 

b2{X) 

Cl ‘ Gj bij , ^ ^ Ci Ci(/C) . 

i=l 

|Te31 section 1.1]. Put 3 := {1,..., 62(A)}, and for I C 3 put 

/ := 3 \ / , e/ := ^ Ci . 

Since ci{E) = have T>ec{E) = {{e/,ej}| / C 3}, hence AfP®* has 

2*'2(^)“i circles of reductions. Using the notation introduced in Remark o we 
have Tej = ]/]. Therefore, putting t := idegj,(/C), we obtain, for every / C 3, a 

projective bundle —>■ Pic®^with fiber and an embedding of 

in Al®*. In particular is open in Al®*. This open subset defines an end (the 
“known end”) of Al®*. As explained before, in the general case, for a given index 
set / C 3 (including for 0) is very hard to describe the Zariski closure of in 
AI®*, even when A is a known class VII surface. The result below, proved using 
the methods developed in this article, will be used in |Te 6 ] . 

Proposition Let X be a minimal class VII surface with iLi(A, Z) ~ Z and 
62 (A) = 3, which is not an Enoki surface. Let g be a Gauduchon metric on X with 
degg(A) < 0. Then 

1. The component Mq € 7ro(AlP®*) ofV^ contains all four circles of reductions, 

2. Let i € 3. The Zariski closure of in At®* has pure dimension 2, does not 
intersect V'f, and contains the curve Vp for a subset I C 3 of cardinal 2. 

If a stable bundle E is the central term of an extension of the form 

with ci(£) = e/, we agree to say that £ is a stable extension of type I. The first 
statement of Proposition 14.21 shows that, for every / C 3 there exists a family of 
stable extensions of type 0 which converges in At®* to a stable extension of type I. 
The second statement shows that for any i G 3 there exists A C 3 of cardinal 2, and 
a family of extensions of type {i} which converges in At®* to a stable extension of 
type A. These statements cannot be proved using complex geometric arguments. 

2. Flip passages and the holomorphic model theorem 

2.1. The spherical blow up. Let M be an m-manifold, W C M a closed r- 
dimensional submanifold. The spherical blow up Mw of M at lU is a manifold 
with boundary, which comes with a smooth map p : Mw M with the following 
properties: 

1. The boundary dMw of Mw coincides with the sphere bundle {A^}*/]R>o, 
where {N^}* denotes the complement of the zero section in the normal bundle 
of W in M, 
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2 . One has p~^{W) = dMw, and the restriction ■ dMw —t W coincides 

with the bundle projection {A''^}*/]R>o —>■ W, 

3. The restriction \ dMw —>■ M \ Vb is a diffeomorphism. 

We refer to m for the construction and the functoriality properties of the 
spherical blow up. We will give now explicit constructions for the spherical blow 
up Mw in several situations which are of interest for us. 

1. The case when W = Z(s) for a regular section s € r(iil). 

Let p : E ^ M he a. real rank r-bundle on M and s G h{E) a section which 
is regular (transversal to the zero section) at any vanishing point. In this case 
the zero locus W := Z{s) is a smooth codimension r submanifold of M, and the 
intrinsic derivative of s defines an isomorphism N-^ E\w The spherical blow 
up Mw can be obtained as follows: endow E with an Euclidean structure, and let 
TT : S{E) M he the corresponding sphere bundle. Then Mw can be identified 
with the submanifold 

s ■= {{y,p) e S{E) X [0,oo)| py = s(7r(j/))} 

of S{E) X [0, oo). Note that the map (y, p) i-A py — s{'K{y)) is a section in the bundle 
{Tropi)*[E) over S{E) x [0, oo), and this section is transversal to the zero section of 
this pull back bundle. Via the identification Mw = s, the contraction map s ^ M 
is the restriction tt o pi\^. 

2. The case when M is the total space of a vector bundle p : E ^ B, and 
W = Z{9e), where 6e G T{E,p*{E)) is the tautological section of E. 

The tautological section 9e G T{E,p*{E)) of E is defined by 9E{y) = y, where 
the right hand term is regarded as an element of the fiber p*{E)y. The zero locus 
ot 9E is the zero section B C E. This is a special case of 1., hence Eb = Se- 
On the other hand 9e can be obviously identified with S{E) x [0,oo) via the map 
S{E) X [0, oo) 9 (y, p) i-A (py, y, p) G 9e- Therefore we get an identification 

Eb = S{E) X [0, oo) , 

and, via this identification, the contraction map S{E) x [0, oo) E is (y, p) i—>■ py. 

Example 2.1. Consider the inclusion map j : Z{m^) ^ E of the submanifold 
intervening in the definition of a blow up flip passage (see section [TJ [TeSj ). Then 

j~^(B) = C and j induces a bundle isomorphism ^ This implies 

that the blow up Z{mf)Q can be identified with the preimage of Z{m^) in the blow 
up Eb of E at the zero locus of its tautological section. Since Eb = S{E) x [0,oo) 

(3) Z{mf)c = {((y',y"),p) e S{E' ® E") x [0,oo)| mf{py',py'') = O} . 

3. The case when M is the total space of a vector bnndle p : E ^ B, and 
W = Z{9e,p*{s)), where s G h'{E) is a section of a bundle q : E ^ B. 

Suppose s € r(F) is transversal to the zero section, and let W := Z{s) be its zero 
submanifold. Then (0£;,p*(s)) G T{p*{E)(Bp*iE)) is transversal to the zero section, 
Z{{9e,p*{s)) can be identified with W via p, and one has an obvious identification 
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= [E® F)\y/. In the same way as in 2. we get an identification 
Ew = {{{y,y),p) e S{E®F) x [0,oo)| pv = s{p{y))} , 
and, via this identification, the contraction map Ew E \s ((y,v),p) i—>■ py. 

2.2. The holomorphic model theorem. Let X be a surface with bi{X) = 1, 
Pg = 0. For such a surface the canonical morphism H^{X,C) —?> H^{X,Ox) is an 
isomorphism, hence Pic°(X) = E[^{X,Ox)/H^{X,Z) ~ C*. 

Fix xo G X, and let jSf be the Poincare line bundle normalized at Xg on the prod¬ 
uct Pic(X) X X. Let Pi : Pic(X) x X Pic(X), p 2 : Pic(J'f) x X X he the two 
projections. The H^(Pic(X), Z) 0 H^{X, Z)-term of the Kiinneth decomposition of 
ci(Jf) can be interpreted as a morphism S : Hi{X,Z) —^ H^{Pic{X),Z). 

Fix a Gauduchon metric g on X. For any c S H‘^{X,Z), t G M. the level 
set Pic'^(X){t} := {degg|pi(,c(jf)}~^(0 i® ^ circle, and S induces an isomorphism 
Hi{X,Z) —^ iJ^(Pic'^(X)p},Z). We will always endow Pic'^(X)p} with the bound¬ 
ary orientation of dPic'^(X)[( _|_oo). With this convention we get an isomorphism 
Hi{X,Z) —)> Z given by h >->■ ((5(h), [Pic°(X){t}]), which is independent of c S 
iL^(X, Z), f G R and the Gauduchon metric g. This isomorphism defines a distin¬ 
guished generator 'yx G E[^{X,Z). Therefore, by definition, we have 

(4) (7x, h) = (d(h), [Pic=(X)p}]) Vh G Hi{X, Z) . 

Let E he a Hermitian rank 2-bundle with ci{E) ^ 2iJ^(X,Z) on X, V a holo¬ 
morphic structure on det(£’), A G 'Dec{E), and c G A. We define the harmonic map 
/c : Pic^(X) R by fciiC]) := 7r(degg(£) - h), where 0 := ^deggiV). The van¬ 
ishing circle Cc ■= can be identified with the reduction circle 

C\ C M^*{E) via the isomorphism kc '■ Cc^ C\ given by kc{[C\) := [£©(2?(8)£'^)]. 
Using the Riemann-Roch and Grauert’s theorems we obtain [Te51 Proposition 3.3]: 

Remark 2.1. Suppose C\ is a circle of regular reductions. There exists a Zariski 
open neighborhood U of Cc in Pic°(Af) such that the restrictions of the coherent 
sheaves 0P2{T>'^)), R^pi*{^®~^ 0 p\{V)^ to U are locally free of 

ranks 

r'c = -\{2c-Ci{E)){2c-Ci{E)+ci{X)), r" = -]^{-2c+Ci{E)){-2c+Ci{E)+ci{X)) 

respectively, and the fibers of the corresponding bundles at a point y G U are iden¬ 
tified with 0pl{V^)), (g)p*(p)). 

Therefore, for sufficiently small e > 0, we obtain holomorphic bundles U', E" of 
ranks r(,, r" on the annulus Be := Pic°(X)(ji_£ j+g) = /“^(—tte, tte). 

The restrictions E'^\q^, |cc endowed with natural Hermitian metrics, 

by identifying them with suitable harmonic spaces Using IMl Remark 

2 .8] we obtain a well defined blow up flip passage, which will be denoted by Qf^. 
Correspondingly, we put F' := F'jc,, F" := F"|c,, P' := P(F'), F" := P(F"), 

TDf ._ p/I P"_P"| 

c,± ■ ' '^c |Sc,± ' 

Theorem 2.2. Under the assumptions and with the notations above there exists 
an open neighborhood Oc of dQ in Qf^ and a diffeomorphism dte '■ Oc ^ Ox onto 
a smooth open neighborhood 0\ ofVx in such that 
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1. 4'c induces a smooth bundle isomorphism which fits in the commutative 
diaqram 

nK®Fc) = dQf^^^Vx 

(5) 1 lpA|y, 

Cc -^ Ca , 

2. 4'c induces a biholomorphism Oc \ dQfc \ F\, 

3. -^ciPc-) = V- n Ox, ■^c{P'J+) = n Ox, 

4-. Denoting by ^{h), viu) the Donaldson classes associated with h G Hi(X,Q), 
u G H 2 {X,Q), we have 

{d-^,niy{h)) = S{h) ® Wo , (d’^or(Hu)) = ^(2c - ci(E), u)Wo , 
where Wo is the positive generator of H 2 {P{F^ 0 F”),12). 

The first two statements are proved in |Te5| , and the third can be proved easily 
using the construction of ihc- The fourth follows from [Te21 Corollary 2.6]. 

3. The homological boundary of an analytic set Z c 

3.1. The real blow up of a Borel-Moore homology class and its boundary. 

We start with a brief account on the well known intersection theory in Borel-Moore 
theory (see for instance EHi section 1.12]) in a very particular framework. Since in 
our results the signs play a crucial role, and in the literature one can find different 
conventions for the relevant objects intervening in our formulae (the cap product, 
the orientation of the normal bundle of an oriented submanifold of an oriented 
manifold, the Thom isomorphism), we will write down carefully the formulae we 
need. 

In general, if M is a differentiable manifold, and Y C M a submanifold of M, 
we will always use the direct sum decomposition Tm jy = TV © Ny (defined by 
a Riemannian metric on M) to orient anyone of the three objects M, Y, Ny us¬ 
ing orientations of the other two. In particular, the total space F of an oriented 
Euclidean bundle over an oriented base Y is oriented such that the obvious isomor¬ 
phism Te\y = TV © E is orientation preserving. Note that [BT] uses a different 
convention. 

For an oriented r-dimensional Euclidean vector space F we denote by B{F) the 
open unit ball of F, by [F,F \ B{F)] the generator of Hr{F,F \ B{F),Z) defined 
by the fixed orientation, and by {F,F \ B{F)} the corresponding generator of 
H^{F,F\B{F),Z). 

Let p : F ^ Y he an oriented Euclidean rank r-bundle over a connected, oriented, 
closed manifold Y. We denote by the section in the local coefficient system 

X Hr{Fj;,Fj; \ B{Fj;),I,) 

given by a:: !->■ [Fx,Fx \ B{Fx)], by B{F) the unit ball bundle of F, and by (fs S 
iT’'(F, F \ B{F),'Z) its Thom class. For any k gN the morphism 

( 6 ) : Hr+kiF,F\B{F),Z) ^ Hk{Y,Z) , rf(n) := (-1)'=>*(0 b n n) 

is an isomorphism |Sp[ Theorem 5.7.10]. In this formula, on the right, we used the 
sign convention of |Dol Section VII.12] for the definition of the cap product, which 
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does not agree with the conventions used in [^, [BH] . The factor (—1)^’’ has been 
inserted in order to recover the standard isomorphism 

h^[F,F\B{F)] hA h 

in the case of the trivial bundle E = Y x F Y. Having this case in mind, put 

:= . 

We will identify H^[F,F \ B{F),Z), F[^{E,E \ B{E),Z) with the Borel-Moore 
homology {B{F), Z), F[^^{B{E), Z) of E and E respectively via the canonical 
isomorphisms 

H4E,E\B{F),Z) ^ H4B{F),S{F),Z) ^ H^^{B{E),Z) , 

H,{E,E\BiE),Z) ^ H4B{E),S{E),Z) ^ H^^{B{E),Z) 

[BHi Section 1.2]. Via the first identification, [F,F \ B{E)] corresponds to the 
fundamental class [H(i^)] of the oriented manifold E in Borel-Moore homology, 
hence <i >e corresponds to the section of the local coefficient system 

H^^{B{E,),Z) 

given by a; I—>■ [B{Ex)]. Therefore the isomorphism induces an isomorphism 
: H^_^l{E,Z) Hfc(V, Z), and we can put 

h 0 := {pf . 

By our orientation convention for E (and implicitly B{E)), the fundamental 
class of B{E) in Borel-Moore homology will be given by [B{E)] = [V] 0 With 
these conventions, the morphism p* : H*(Y,Z) —>■ H*{B{E),Z) commutes with the 
Poincare duality isomorphisms on Y and B{E), i.e. one has the identity 

(7) p*{h)f\[B{E)\ = {bn[Y]) ®^E'^b & H*{Y,Z) . 

Definition 3.1. Let M be a connected, oriented m-dimensional manifold. For a 
class c € {M,Z) and a closed, oriented l-dimensional submanifold W G M 

we define the homological intersection of c with W by 

c-w :=j^(b) n [W] e Hi+k-n^{W,Z) , 

where jw ■ W ^ M is the inclusion map, and b G Z) is the Poincare 

dual of c, i.e. one has c = br\[M]. 

Remark 3.2. In the conditions of Definition AS. I\ it holds 

1. If c is the fundamental class of a closed, oriented submanifold Z G M which 
intersects W transversally, then one has 

c-W = (_i)(™-0(™-fc )[wnZJ , 

where T = WDZ is regarded as a submanifold ofW endowed with the orientation 
induced by the orientation of W, and the orientation of N^^ 2 : given by the 
natural isomorphism N^r\z ~ -^z^lvunz- 

2. If M is a complex manifold, W a complex submanifold, and c the fundamental 
class of an k-dimensional analytic subset Z G M such that W H Z has pure 
dimension I + k — m, then c ■ W is the fundamental class of the analytic cycle 
wnz of W. 
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The unit sphere S{F) of an oriented Euclidean space F is given the boundary 
orientation of the closed unit disk B{F), i.e. the orientation for which the obvious 
isomorphism IRiy © Tg^^p-^ ~ is orientation preserving, where 77 is the outer 

normal field of S{F). The sphere bundle S{E) of an oriented Euclidean bundle 
p : E ^ Y is oriented using the same rule fiberwise. We denote hy &e the section 
of the local coefficient system x i-A E[r-i{S{Ex),1^) given by a; i-A [S'(i?a;)]. Using 
the Leray-Hirsch theorem again, and putting n := dim(U), we get as above an 
isomorphism 

and an identification = [F]©©^;. Using the Borel-Moore long exact sequence 

-^ Hf^{S{E),Z) H^^{B{E),Z) Hf’^{B{E),Z) A Hf}'l{S{E),Z) 

associated with the open embedding B{E) ^ B{E) |BH1 Section 1.6], and com¬ 
paring it with the long exact sequence of the pair {B{E), S{E)), we get 

( 8 ) d{h(^^E) = {-iyhi^eEyheHs{Y,Z) . 

In particular d[B{E)] = 9([F] ©»£;) = (-1)"[F] © ©e = (-1)”[S'(U)]. 

Let M be an oriented Riemannian m-dimensional manifold and W G M a, closed, 
oriented /-dimensional submanifold. Let Myy be the spherical blow up of M with 
center W. If we omit orientations, the boundary dMw can be identified with the 
sphere bundle S{Nw) of the normal bundle Nw of lU in M. 

Let c € Hjf^ {M, Z) be a fc-dimensional Borel-Moore homology class. The image 
:= cm\w of c under the canonical morphism {M,Z) —>• H^^{M \ W,Z) 
can be regarded as a fc-dimensional Borel-Moore homology class of the interior 
Mw \ dMw of the manifold with boundary Mw Our problem is to compute 
explicitly the boundary S{c^) S in terms of topological invariants 

of the triple (M, W, c). 

Let iL be a compact tubular neighborhood of W, denote by U its interior and by 
0 ( 7 ) cm\k the images of c in {U,Z), H^^{M \ K,Z) via the canonical mor- 
phisms. The Borel-Moore long exact sequence associated with the open embedding 
U U (M \ K) ^ M contains the segment 

- > Hlf^{M,Z)Hy^{UU{M\K),Z)^ Hk-i{dK,Z) ^ . , 

which shows that 

5{cu) + 5 {cm\k) = 0 • 

Using the obvious identification {dMw{dK,Z), we obtain 

s{y^) = -s{cu). 

Write c = b n [M], where b G H'^~^{M,Z) is the inverse image of v via the 
Poincare duality isomorphism. Denoting by jjj ■ U ^ M, jw : W ^ M the 
embedding maps, by Pw : U —>■ lU the projection map, and using formula ([7]), we 
get 

CU = fuib) n [U] = ip’^rijU'ib)) n [U] = {fw{b) n [lU]) © = (c- W) © . 

Therefore, by dS]) we get 5{cu) = (—• W) © &Nw This proves 
Proposition 3.3. Under the assumptions and with the notations above one has 

(9) 5{c^) = (-1)'+'=—+i(c • W) © ■ 
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Example 3.1. For the special case k = m, c = [M]^^ we have b = 1 G H^{M) and 
c-W = [W], hence 

6{[M]^) = {-iy+^[W]^eN^ . 

3.2. The join morphisms Hk{P{U) x P(F),Z) —>■ i?fc+2(P(17 © V'),Z). Let G be 
a Lie group and F a differentiable manifold. 

Definition 3.4. The F-bundle associated with a left principal G-bundle P ^ B 
and a left action a : G x F ^ F is defined by P x^V ^ ^ ^/g P x V is 

endowed with the diagonal left G-action. 

The standard example is the tautological line bundle Qjj on the projective space 
P(t7) of a finite dimensional complex vector space U. Denoting by xo the standard 
character C* —>■ C* = GL(1, C) given by C C; one has 

Qu = U* x-i C . 

Vo 

Let U, V be finite dimensional complex vector spaces. For a subset A C P(17) xP(F) 
we define its set theoretical join Jijy{A) C P(17 © V) by 

Jjjvi-^) ■= [_J P(Cu © Cu) . 

([«],[i>])GA 

We chose the word “join” because P(Cu © Cv) is the line joining the pair of points 
[u, 0], [0, p] G P(17 © V), hence Juy{ A) is the union of joining lines associated with 
pairs ([m], [p]) G A. Consider the projective line bundle 

PUV ■■ PK(0I/) ©P2(0^)) ^ nu) X P(F) 

on P([/) X P(F). Using Definition 13.41 the total space P(p*(0(7) (Bp^i^v)) can be 
identified with the associated bundle {U* x V*) Xq,P^, where a : (C* x C*) x P^ —?> P^ 
acts by 

(10) o((Cl) C 2 ), [^Oj Zi\) = [Cl ^Zo, Cl ^zi] . 

The map quv ■ P(Pi(0(7) ®P2(0y)) —>■ P([/ © V) given by 

quv{[{u,v),[zo,zi]]) := [zou,ziv] \/{u,v) G U* x V*, 'i[zo,zi] G P^ 

is a modihcation which blows up the linear subvarieties P([/ x {0}), P({0} x V) of 
P(17 © V). We obtain the diagram 

P(rf(0u)©P2(0v)) 

( 11 ) 

P(C/)xP(U) P(C/©U) 

With these notations one has 

(12) Juv{A) = quv{Vuv{A)) ■ 

This formula allows us to define a homological version of the join map. The 
Gysin exact sequence |Sp[ Theorem 9.3.3] of the sphere bundle 

PUV ■■ np\{Qu)®Pi{Qv)) ^ nu) X p(u) 
contains the segment 

H2k+3inu)xnv),i‘) ^ H2k{nu)xnv),z) H2k+2inpUQu)®pu^v)),^) 
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i72fc+2(P(C/) xP(y),Z) A i? 2 fe-l(P(C/)xP(F),Z)^... , 

Since the odd dimensional homology of P(17) x P(td) vanishes, it follows that ajjv 
is a monomorphism, more precisely identifies i/ 2 fe(P(t^) x P(td),Z) with 

ker {puv* ■■ if2fc+2(P(K(0c/) ©P2(0v)),Z) ^ H 2 k+ 2 inU) x P(1^),Z)) . 

This morphism is defined using the homology spectral sequence associated with the 
the sphere bundle puv in the following way (see the proof of |Sp[ Theorem 9.3.3]). 
The local coefficient system 

P(C/) X ¥(y) 3 ([u], H) ^ A(p(Cu © Cv)) 

comes with a natural section © defined by the fundamental classes of the complex 
lines P(Cw0Cu), hence this local coefficient system can be written formally as Z©. 
The morphism ajjv is induced by the composition 

A\2 = H2kinu) X P(t/),z©) ^ ^ i?2fc+2(P(p!(0C/) ®P2(0v)),Z) . 

We define the morphism Jijv ■ ^^ 2 fe(P(Ct) x F(V),Z) —>• H 2 k+ 2 {^{U © 1^),Z) by 

(13) Juv = {quv)* ° f^uv ■ 

The morphism auv can be geometrically understood as follows. Let M, N be 
closed, connected oriented manifolds and ip : M ^ '^{U), ip ■ N ^ P(F) smooth 
maps. The manifold := P(i^*(0[/)©'(/'*(0y)) is a P^ fiber bundle over M xN, 
hence it comes with a canonical orientation induced by the complex orientations of 
the fibers and and the product orientation of the basis. Then 

Remark 3.5. The class cruviT*[^]'^'’P*[^]) coincides with the image of the fun¬ 
damental class under the natural map P(p);(0(7) ©P2(0v))- 

Using Remark 13.51 one can check that the definition (IT^ is compatible with set 
theoretical join map defined above restricted to the set of algebraic subvarieties of 
P(17) X P(U). More precisely, for an algebraic subvariety A C P(17) xP(U), one has 

Juv{[A]) = [quv{Puv{A))] , 

where [ ] stands for the fundamental class of an analytic cycle. This gives 

Remark 3.6. Using the Kiineth isomorphism H*{F{U)xF{V),Z) = 7J*(P(17),Z)© 
iL*(P(U),Z) and denoting byuk, Vk, Wk the fundamental class of the k-dimensional 
linear variety in F(U), P(U), F{U © V) respectively, we have 

Juv{uk ®Vl)= Wk+l+l ■ 

We need a version of the join morphism which takes values in iJ*(P(t7 © V), Z). 
We denote by V the C-vector space obtained by endowing V with the scalar mul¬ 
tiplication f -y V := f -v V. The identity map U —>■ U becomes anti-linear and will 
be denoted by n i—>■ z;. For a subset A C P(17) x P(U) we define its set theoretical 
join J^{A) C F{U © V) by 

(14) Ju{A)-= y P(Cu © Cw) C P(C/© U) . 

(M.H)ga 

Correspondingly, we replace in diagram dm) 
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• the projective line bundle puv '■ P(pi( 0 ; 7 ) ©Pi(0u)) —t P(17) x P(y) by 

pI : P(K(0[/) ©K(0y)) ^ P(17) X P(l-) , 
where 0y is the line bundle V* x —i C* on P(y). Therefore 

(15) P(pI(0c/) ©pI(0u)) = {U* X y*) pi , 
where a' : (C* x C*) x pi —>■ pi acts by: 

(16) a'((Ci, C 2 ), [zo, zi]) = [Cr^^o, C 2 ^z:i] . 

• the map qjjv by the map 

: F{pl {Su) (BpUSv))^ m © F) , 

q^{[{u,v),[zo,Zi]]) := [zou,Ziv] y{u,v) G U* x 1^*, V[zo,2:i] £ Pc ■ 

In this way we obtain a homological version of o, namely 

(17) = q^oa^ : i 72 fc(P(t/) x P(F),Z) ^ H 2 k+ 2 {nU (B V),Z) , 
where 

: H 2 k{FiU) x ¥iV),Z) -G i 72 fe+ 2 (P(p!( 0 u) ©^ 2 ( 0 ^)),^) 
is obtained in the same way as auvj but using the Gysin exact sequence of the 
sphere bundle p^. 

Denoting by : ¥(U) x P(t7) —)> P(17) x P(t£) the homeomorphism given by 
([u], [ 1 ;]) H> ([m], [u]), we have the identity 

(18) = Jjjy o (/^)» , 
which yields following version of Remark 13.61 

Remark 3.7. Denoting by Uk, Vk, Wk the fundamental elass of the k-dimensional 
linear variety in P(t/), P(R), P(17 © V) respeetively, and using the Kiineth isomor¬ 
phism we have 

Ju (wfe © d) = {-lywk+i+i ■ 

3.3. The closure in Qf of an analytic set Z C and the boundary of 

its fundamental class. We come back to the blow up flip passage Q/ associated 
with the data (p' : E' ^ B,p” : E” B, f) as explained in section [T] 

Let Z C Qj be an analytic set of pure dimension fc > 0, and let [Z]^^ G 
{Qp'^) be the fundamental class of Z in the Borel-Moore homology of Qp 
The long exact sequence associated to the open embedding ^ Qf contains the 
segment 

• • • ^ Z) -G Hg^{Q},Z) A Hg^.idQf, Z) ^ . 

We will give an explicit formula, in complex geometric terms, for the boundary 
6i[Zf^) G Hiyf,idQf,Z) = H2k-iinF' (B F"),Z) . 

The problem is difficult because, a priori, one has no control on the closure of 
Z in the manifold with boundary Qj. Our result will implicitly give an explicit 
construction of this closure, and show that it belongs to a very special class of real 
analytic sets ot Qf. 

We recall that the circle C = f~^{0) has been endowed with the orientation 
defined by the complex orientation of B and the orientation of defined by 
the differential df. Equivalently, C is endowed with the boundary orientation of 
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df~^{[0,oo)). The bundles F', F" on C are trivial hence, choosing a point x € C 
we get a canonical isomorphism iJ*(P(F'©F"), Z) = Z)®i?*(P(F,^©F"), Z). 

In particular, for 1 < fc < r' + r" one has 

H2k-i{nF' © F"), Z) = [C] © Zwk-i , 

where Wk-i denotes the standard generator of F[ 2 k- 2 {^{F'^ © F"),Z). 

Note first that, by definition, Qj contains two obvious complex submanifolds 
for which the problem can be solved easily: Putting P' := P(i?'), P" := P(£'"), 
B± := (±/)-i(0,oo), E'^ := E'i := E"\s^, := := P"|b^ (as 

in section [T|), we see that P'_, P" are analytic subsets of 

Remark 3.8. Under the assumptions and with the notations above one has 

5{[P'_f^) = -[C]®Wr'-i ifr' > 0 , 5{[P”f^) = if r" > 0. 

The first (second) formula also applies in the special case when r' = 0 (r" = 0); 
in this special case we have P(_ = 0, P" = (respectively P" = 0, P(_ = Qj). 

The union P'_ U Pf is disjoint, and should be regarded as the known part of 
Qj. The main result of this section concerns the more difficult case of a pure k- 
dimensional analytic set Z which is generically exterior to this “known” part of Qj, 
in the sense that dim(Z fl (P(_ U P")) < k. 

Let P(, E'f be the complements of the zero sections in the bundles E', E". 
Regarding E'^ Xb E'f as a left principal C* x C*-bundle over P' Xb P”, consider 
the associated line bundle given by 

q:Q:=iEixB E'f) C ^ P' Xb P" , 

where Xi • C* x C* —>■ C* is the character defined by the projection on the Pth 
factor. In other words, denoting by 0', 0" the tautological line bundles on the 
projective bundles P', P" and by pi : P' Xb P" —P', P 2 : P' Xb P" ^ P" the 
two projections, one has Q = line bundles over P' Xb P”■ The 

zero section of this line bundle is a smooth hypersurface which can be identified 
with P' Xb P"■ 

We denote by Qo <Z E' ® E" the image of the natural map E' Xb E" E' ® E". 
This map is obviously C*-invariant. Qq is a locally trivial fiber bundle over B 
whose fiber over x G B is the cone over the image of P^ x P" via the Segre 
embedding P'^ x P” —>• P(P(, © E'f). This cone is singular when r' > I and r" > 1, 
hence in this case Qo is a singular complex space whose singular locus is the zero 
section B G E' ® E”. One has an obvious contraction c : Q —>■ Qo which induces 
a biholomorphism Q \ (P' x b P”) Qo\ B, and contracts fiberwise the divisor 
P' XbP" to the zero section P of Qo- In other words c is the modification with center 
P, and the fiber product P' Xb P” is the exceptional divisor of the modification 
c. In the diagram below all polygons are commutative, ji, j 2 are biholomorphisms. 
The maps Ci, C 2 are holomorphic modifications, in particular they are proper. The 
map Cl contracts P^ x P" to P^ when x £ P_ and contracts P^ x P" to P" when 
X G P+. The map C 2 contacts P( C Q^ to {a:} when x G P_, and contacts P" C Q^ 
to {a:} when x G P+. Note that 


(19) 


C 2 OC 1 _ c|Q\(p^xcP^;) ■ 
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QMP'xbP") — Q}\(p:uP") --- Qo\B 


n r 



z \ (Pi U P") 


1 

z 

W/N Cl 

C2 


Q 


Q\{P'cXcP^) 

Using the notations introduced in sections 13.1113.21 we can state now 


Qo\C 


Theorem 3.9. With the notations above, suppose r' > 0, r" > 0, and let Z C 
be an analytic subset of pure dimension k>l, such that dim(Z fi {Pf U P^f)) < k. 
Then 

(1) The closure Z of jf^{Z\ {Pf UP")) in Q is a pure k-dimensional analytic 
subset of Q with dim(Z n (P' x b P")) < k, 

(2) Choosing a point x € C, the equality 

5[zf^^ = [c] ® ■ {PL X p':)) 

holds in Pi(C',Z) 0 i?2fe-2(P(P:^ © = i? 2 fe-i(P(P' © P"),Z). 

The second statement gives an explicit formula for the boundary 5\Z]^^ in 
complex geometric terms: this class is determined by the homological intersection 
(see Definition [XT]) of the Borel Moore class of [Z] with the complex submanifold 
P' X P" of Q. 


Proof. (1) Since we assumed dim(Z D {Pf U P")) < k, it follows that Z coincides 
with the closure of Z \ {Pf U P") in Qj. We will apply Remmert-Stein theorem 
[GRl sec. 2 p. 354] to the inclusion 

j 2 (Z\(P:uP"))-^Qo\i?. 

This theorem applies automatically when k > 2 and shows that the closure Zq of 
j 2 {Z \ {P'_ U P")) in Qq is a complex analytic set of dimension k. In the limit case 
k = 1 = dim(P) we have to check that this closure Zq does not contain all of B. 
Since, by assumption, dim(Z D {Pf U P")) < 1, it follows that A := Z (1 {P'_ U P") 
is a 0-dimensional analytic subset of P'_ U P". We claim that 

Zon{B\C)Cc2{A) , 

which will complete the argument. To prove this inclusion, let a: G P \ C be the 
limit (in Qq) of a sequence (j 2 (- 2 n))nGN of points of j 2 {Z \ {P'_ U P")). Since C 2 is 
proper, a subsequence {znk)ken of ( 2 :Tt)nGN will converge to a point in y G P'_ U P" 
with C 2 {y) = X. But Z is closed in hence we will have y £ Z, hence x G C 2 {A) 
as claimed. 

Since c is a modification, the closure Z of c~^(Zo \ B) = jf^{Z \ {P'_ U P")) 
in Q is an analytic set. This analytic set is the proper transform Z of Zq in Q, 
and it is pure fc-dimensional, because Zq \ B has this property. Note also that 
dim(Z n (P' X B P")) < k as claimed, because the complement of Z D (P' x b P") 
in Z (which is obviously Zariski open in Z) is dense in Z. 
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(2) Denote by Pq, Pq the restrictions of P', P” to C, and put W ■.= Pq xc Pq 
regarded a submanifold of Q of real codimension 3. As a subset of the smooth 
hypersurface P' Xb P” C Q (the zero section of Q), W is the smooth real hy¬ 
persurface defined by the equation / o tt = 0, where tt : P' Xb P” —>■ -B is the 
obvious projection. The idea of the proof is to construct a continuous extension 
c : Qw —>■ Q/ of Cl and to make use of Proposition 13.31 applied to (Q, IT, [Z]^^) in 
order to compute the boundary of [Z \ in the homology of dQw 



dQw = S{N^) =-- Qw -^ Qf -= P(B' © F") =dQf 

Note first that W is the zero locus of the section {9q , f ott oq) in g* (Q) © R, where 
9q is the tautological section of the complex line bundle q*{Q) over Q. Therefore, 
as explained section [Q the blow up Qw can be identified with the submanifold 


{{{y, t), p) e © R) X [0, oo)| pt = f{TT{q{y)))} 

of ©R) X [0, oo), and, via this identification, the contraction map Qw —>■ Q is 
given by {{y,t),p) !->■ py. Note that the sphere bundle ^((^©R) is the associated 
bundle 

{S{E')xbS{E'')) x^B(C©R) , 

where S{E') x b S{E") is regarded as a left principal x B^-bundle over P' Xb P", 
and the action f3 : {S^ x S^) x ^(C © R) —>■ ^(C © R) is given by 

( 20 ) miX2),{u,t)) = . 

Using formula m of section [2T] one has an identification 

Qf = {([y e {S{E' ® E'')/S^} x [0,oo)| {py', py") = O} , 


and, via this identification, the contraction map Qf —>■ Qf is {[y',y"], p) —^ [py', py"]. 

We define c/ : Qw —^ Q/ by 
( 21 ) 


c([(a',a"),(u,t)],p) := 


(:^[(1 - i )2 o', (1 - t) 2110"],ySp) for 1 

(:^[M(l + t)”5 a',(l + t)^ d"],V2p) for t ^-I 


for any {a', a") S S{E') Xb S{E"), {u,t) € ^(C © R), p S [0,oo). It is easy to 
see that c is well defined, takes values in Qf, and is a continuous extension of the 
holomorphic modification ci. 

The boundary of [Z \ in E[ 2 k-i{dQw can be computed easily using 

Proposition [231 and the result is: 

(22) S{[Z \ Wf^) = {[Zf^ ■ W) © e^Q , 

w 


where [Z]^^ ■ W G iJ 2 /c- 3 (IT,Z) is given by Definition 13.11 and is the sec- 

W 

tion defined by the fundamental classes of the spheres S{N^^), w G W. In this 
formula is oriented using the decomposition = Q|w ® S, and the complex 
orientation of the complex line bundle Q. Correspondingly, W is oriented using this 
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orientation of and the complex orientation of the manifold Q. This orientation 
of W agrees with its orientation as x -bundle over the oriented circle C. 

Under our assumptions lU is a PJ^ ^ bundle over C (which is a circle), hence 
any cohomology class b of even degree of W can be written as 1 ( 8 ) (b), where 

jx : P'x ^ P'x ^ W denotes the inclusion map. Therefore, for any Borel-More 
homology class c of even degree of Q, denoting by b its Poincare dual, we get 

c-w = f^{b) n [lu] = (1 ® fMb)) n {[C] 0 [P' X p'']) = [C] 0 (c• [p' x p'')) . 


In particular 

[ZfM . = [C] ^ ([^pM . (p, X ^ 

so that, by dm) we get 

(23) 5{\Z \ lU]^^) = [C] 0 {[Z]^^ ■ (P' X P':)) 0 6^0 . 

The morphism of triples {Qw \ dQw.Qw^dQw) {Qf\ dQf:Qf,dQf) induced 
by c gives a morphism of Borel-Moore homology long exact sequences. Since 

^i\z\w ■ Z 

is a modification, we have (ci*)([^ \ W]^^) = [Z]^^, which implies 

5{[Zf^) = {dcU5{[Z\Wf^)) . 

The two boundaries dQw, dQf are fiber bundles over C, and the map 
dcx : X 5(P")) S{C © R) ^ P(P; © P") 


induced by dc is a bundle morphism over C. Therefore, writing 5{[Z]^^) as 
5{[Z]^^) = [C]<g)U for a class U G P 2 /c- 2 (P(P^ © ^"),2) we get 

U = {dcx).{{[Zf^ ■ (P' X P^)) 0 6 q) . 


Therefore to complete the proof it suffices to show that 

(24) {dcxUiiZf^ • (P' X P;)) 0 6^0 ) = {[Zf^ • (P' X P(')) ■ 

Taking into account m the map dcx decomposes as dcx = Qx o Gx, where 
• Gx : {S{E'^) X S{E'^)) xpS{C®R)^ {S{E'^) x S{E'^)) x„'P^ is the bundle 
isomorphism induced by the diffeomorphism g : ^(C © K) —>■ P^ given by 


g{u,t) = 


(1 — t )2 , m (1 — t ) 2 
w(l + t)~^, (1 + t)5 


for t ^ 1 

for t ^ —I 


V(M,t) G S{Ci 


This diffeomorphism is orientation preserving if iS'(C © K) is endowed with 
the standard orientation (as boundary of D^) and Pj. with the complex ori¬ 
entation; it maps (Oc, 1) to oo G Pj., (Oc, —1) to 0 G Pj., and is equivariant 
with respect to the x P^-actions /3, a' given by the formulae (l20l) . ([T 6 |) . 

• Qx : {S{E'^) X S{E")) Xa' Pc —>■ P(Pi © E'x) defined by 

qx{[{a',a”),[zo,zi]]) := [zoa',zia”] . 

It suffices to recall that, by (na, one has 

(P(p;) X 5(P")) xo' PJ: = P(pK0i=;;) ® P2(0£") , 

and to note that, via this identification, one has qx = q^f ■ ■ 
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Using our explicit formula for the join morphism (see Remark l3.7|l . Proposition 
13.91 and Remark [SlHl we get 

Corollary 3.10. With the notations introduced above, suppose r' + r" > 0. The 
boundary of the fundamental class of the whole quotient Qj is given by 

® [nE'.®K)] ■ 

Note that this formula holds even when r" = 0, or r' = 0, but in these cases one 
uses Remarking When r" = 0 (r' = 0), one has = P'_ (respectively Q/ = Pi)- 

Example 3.2. Suppose r" = 1. Then 

(25) 5{[P'_f^)) = -[C]®w,, 5{[P'1]^^)) = [C] 0 1 , = [C] 0 

In this case Qo can be identified with E' 0 E" (hence is smooth), Q is the blow up 
of Qo at the curve B, Q/ is the blow up of Qo \ C at the curve B-, c : Q ^ Qo, 
C 2 : Qf Qo\C are the corresponding contraction maps, the projective bundles 
P', PL are the corresponding exceptional divisors, and P" = i3+. Let Z C Q’f be 
an irreducible hypersurface. Taking into account the position of Z with respect to 
PL, the following cases can occur: 

1. Z = PL (equivalently Z = P'). In this case 5{[Z]^^) = — [C] 0 wi. 

2 . Z y PL (equivalently Z y P'). In this, denoting by deg(0 fl P() the degree of 
Z r\ PL in the projective space P^ for generic x S R-, we’ll have 

(26) 5{[Zf^) = deg(Z n PL)[C\ 0 Wr'-i - 

Taking into account the position of the divisor c{Z) with respect to B (in Qo), 
two subcases can occur: 

(a) c{Z)r\B is 0-dimensional. This implies that Z does not intersect the generic 
hber of P', hence deg(0 fl P() = 0, and 5{[Z]^^) = 0. 

(b) c{Z) contains B. This implies that Z intersects all the fibers of the projec¬ 
tive bundle PL Since we are in case 2. the intersection with the generic 
fiber must be transversal, hence in this case we have deg(0nP() > 0. Note 
that in this case Z contains P" = P+. 

4. Applications 

The following simple result shows how Theorem 13.91 is applied. 

Proposition 4.1. Let {X,g) be a Gauduchon surface with bi{X) = I, Pg{X) = 
0, (E,h) a Hermitian rank 2-bundle on X with Ci(P) ^ 2iJ^(X,Z), and P a 
holomorphic structure on det{E). Suppose that 

1. All reductions in AfP’’* are regular, 

2. The moduli space associated with the data {X,g,E,h,'D) is compact. 

For any Donaldson cohomology class v G ,Q) and any ^ G ,Q) 

we have 

X^Vec{E) 

where Sxf, denotes the homological boundary of ^ in Hk-i{P\,Q). 
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Proof. Denote by the space obtained by blowing up all circles C\ in AfP®*. 

Using the Borel-Moore long exact sequence associated with the open embedding 
At®* ^ _y\^pst |] 3 ]q[ Section 1.6], and denoting by j : ^ A^p®* the inclusion 

map, we get = 0. Therefore 

= (u|^P=t,A((50) = 0 . 

Here we used essentially that 9 A^p®‘, A^p®* are compact, hence their Borel-Moore 
homology coincides with their usual homology. It suffices to take into account that 
dM^^^ = UxeVeciE)'P^- ■ 

We can now apply our results to the geometric problem formulated in the in¬ 
troduction concerning the Zariski closures of the extension families Vf. We are 
interested in the moduli space intervening in our program for proving the existence 
of curves on class VII surfaces. The following result will be used in |Te 6 | . We use 
the notations introduced in section [TJ 

Proposition 4.2. Let X be a minimal class VII surface with iJi(V, Z) ~ Z and 
62 (V) = 3, which is not an Enoki surface. Let g be a Gauduchon metric on X with 
degg(/C) < 0. Then 

1. The component A4o € 7 ro(A^P®*) ofV^ contains all four circles of reductions, 

2. Let i G 3. The Zariski closure of Vp in AI®* has pure dimension 2, does not 
intersect and contains the curve Vp for a subset I <Z 3 of cardinal 2. 

Proof. Put Aq := { 0 , 63 }, and, for k G 3, put A^ := {e^, One has Pq = 3, 

r" = 0 ,r'^= 2 ,r" = 1 . 


1 . We apply Proposition 14.11 to the analytic set Alg* := Alg O Ad®* taking u := 
p,{h) U g{u) for classes h € Hi{X,Z), u G H 2 {X,h). By Corollarv l3.10l we have 


= -[Co] O inKyo)] > <5['k-l(Al^o')] = akiCeP O [HK 
1 if Ca;, C Mo 


Fj 

Gk.Vk ^ ^ek,yk 


)], 


where au ■= 


0 if 

and formula Q we obtain 


Ca, ^ Mo 


, yo G Co and yk G Ce^- Using Theorem 12.2 


{lx,h){{e^,u) -f ^afe(efc - e 3 \{fe},M)} = 0 Vu G H2{X,1) , V/i G Hi{X,Z) , 


Therefore ej -I- PPf. ak{ek — ea\{fe}) = 0, which holds only when Ofe = 1 for all k G Z- 
2. Using the fact that X is minimal one can prove as in |Te5j that Py C Ad®* is a 
projective plane for any y G Pic°(X)(_oo,{), the union 


■■= U Pi 

yePicO(X)(_„„,() 


is disjoint, and gives a Zariski open subset of Adg* (see |Te 6 ] for details). VP, is a 
Pp-bundle over the punctured disk Pic°(A)(_oo.{) via the natural projection. One 
can also check easily that Vp = 0. On the other hand, taking into account 1., 
we get C Adg*. This shows that P®’ is contained in the complement Adg* \P^, 
which is Zariski closed and nowhere dense. This proves that the Zariski closure Z 
of Vp in Ad®* has pure dimension 2, and does not intersect VP For the last claim, 
let Xk be the set of irreducible components of Z 0 Ca^ (as hypersurface of Ca*, ) ■ 
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Taking v := in Proposition 14.11 and using the formulae explained in Example 
13.21 we get 

(27) 0 = (7A, /i) E E deg('I^e-' (i") n P',) , 

feGOTGifc 

where Zfe S and we agree to write deg('I'“^{E) fl Pe^^zk) ~ = 

P'ek,-- Supposing that 0\^ is sufficiently small, we’ll have Vp r\Ox^ G 1^. This 
intersection corresponds to P^. _ via . Therefore at least a term on the right in 
dUl) is-1, hence there exists k G ^ and Y G Ik such that deg('I'g|,^(y)nPg|, > 0. 

As explained in Example 13.21 this implies Pel,+ C he., CY. ■ 
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